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When quantum fields are coupled to gravitational fields, spontaneous particle creation may occur
similarly to when they are coupled to external electromagnetic fields. A gravitational field can
be incorporated as a background spacetime if the back-action of matter on it can be neglected,
resulting in modifications of the Dirac or Klein-Gordon equations for elementary fermions and
bosons respectively. The semi-classical description predicts particle creation in many situations,
including the expanding-universe scenario, near the event horizon of a black hole (the Hawking
effect), and an accelerating observer in flat spacetime (the Unruh effect). In this work, we give a
pedagogical introduction to the Dirac equation in a general 2D spacetime and show examples of
spinor wave packet dynamics in flat and curved background spacetimes. In particular, we cover
the phenomenon of particle creation in a time-dependent metric. Photonic analogs of these effects
are then proposed, where classical light propagating in an array of coupled waveguides provides a
visualisation of the Dirac spinor propagating in a curved 2D spacetime background. The extent to
which such a single-particle description can be said to mimic particle creation is discussed.
PACS numbers:
I. INTRODUCTION
Quantum theory of gravity is one of the most sought-
after goals in physics. Despite continuous efforts to tackle
this important problem, resulting in interesting propos-
als such as superstring theory and loop quantum gravity,
there is still no clear sign of the theory of quantum gravity
[1–3]. However, when the back-action of matter on the
gravitation field is neglected, one can write down a the-
ory of quantum fields in a background curved spacetime
by extending quantum field theory in Minkowski metric
to a general metric [4–7]. This is analogous to treating
external fields as c-numbers and predicts interesting new
phenomena that are valid in appropriate regimes. Simi-
larly to the prediction of pair creation in external electric
fields [8–10], external gravitational fields (as described by
a background spacetime) induce particle creation [11–13].
In the latter, particle creation is caused by the change in
the vacuum state itself under quite generic conditions.
In this work, we propose a classical optical simulation
of particle creation in binary waveguide arrays. There
have been many proposals and experimental demon-
strations of a plethora of interesting physics in coupled
waveguide arrays [18–30]. In particular, optical simu-
lation of the 1+1 dimensional Dirac equation in binary
waveguide arrays has been proposed [14, 15] and experi-
mentally demonstrated [16, 17]. We show that the setup
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can be generalised to also simulate the Dirac equation in
2 dimensional curved spacetime.
Particle creation is by definition a multi-particle phe-
nomenon and the full simulation of the result requires
quantum fields as a main ingredient (for example, see [31]
for a simulation of the Dirac equation in curved space-
time with cold atoms on optical lattices). However, light
propagation in a waveguide array is an intrinsically classi-
cal phenomena, so how can we simulate particle creation
in a binary waveguide array? The short answer is that
we will be looking at a single-particle analog of particle
creation. As we will see, the fundamental reason behind
particle creation is the difference in the vacuum state,
which in turn is captured by different mode-expansions
of quantum fields. We can thus concentrate on a single-
mode at a time and simulate the effect. In fact, the
well-known Klein paradox shows that the single-particle
Dirac equation contains subtle hints of multi-particle ef-
fects, and the phenomenon of pair production in strong
electric fields has been studied within the single particle
picture [32]. We study the time evolution of spinor wave
packets and demonstrate that an analog of particle cre-
ation can be visualised in the light evolution in a binary
waveguide array. Here, we stress that by using the phe-
nomenon of ‘zitterbewegung’ (the jittering motion of a
Dirac particle), one can bypass the quantitative checks
in ‘proving’ the simulation of particle creation.
This article is organised as follows. In section II, we
provide a pedagogical introduction to the Dirac equation
in curved spacetime, assuming familiarity with the con-
ventional Dirac equation. In section III, we specialise
to the 1+1 dimensions and provide a few examples of
spacetime metrics. Particle creation in curved spacetime
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2is explained, using scalar fields for simplicity, and the
single-particle analogs for the Dirac spinors is discussed.
Section IV shows the wave packet evolution both in flat
and curved spacetimes, using time-dependent gravita-
tional fields as an example. A single-particle analog of
particle creation in a particular case is explicitly demon-
strated. Section V explains the optical simulation of the
Dirac equation in a binary waveguide array and proposes
a generalisation to curved spacetimes. We conclude in
section VI.
We have tried to be as pedagogical and self-contained
as we could. We have tried to collect and present essen-
tial ideas to understand quantum fields in curved space-
time and how it predicts particle creation. It is our hope
that the reader will find this helpful in understanding
the essential ideas quickly and develop further interest-
ing analogies.
II. DIRAC EQUATION IN CURVED
SPACETIME
Let us start with the derivation of the Dirac equation
in curved spacetime. This requires the notion of spin-
connection, which will be discussed at a pedagogical level.
We closely follow ref. [33].
A. General covariance
Special theory of relativity has taught us that time and
space are observer-dependent concepts in that observers
moving relative to each other have different notions of
time and space intervals. This comes about because the
laws of physics are covariant under a Lorentz transfor-
mation, meaning that all observers agree on the form of
physical laws in their own coordinate frames. General
theory of relativity takes this one step further and states
that the laws should be covariant under general coordi-
nate transformations. Equations of motion are written
in terms of tensors–quantities that are independent of lo-
cal coordinate systems used to describe them. To write
down the equations of motion one also requires the no-
tion of a covariant derivative, which basically is the cor-
rect way of differentiating tensors to yield another tensor
(of higher rank). To understand this, consider a vec-
tor in Minkowski spacetime V µ, which transforms under
the Lorentz transformation as V µ
′
= Λµ
′
µV
µ. We use
the Einstein convention where the repeated indices are
summed over. Now let’s see how the partial derivative of
a vector transforms in flat spacetime:
∂ν′V
µ′ = Λ νν′ ∂ν
(
Λµ
′
µV
µ
)
= Λ νν′ Λ
µ′
µ∂νV
µ. (1)
In tensorial language, one says that ∂νV µ transforms as a
tensor of rank (1,1), where (n,m) denote n indices on the
top and m indices on the bottom. In curved spacetime,
this is no longer true because Λ νν′ → ∂x
ν′
∂xν is generically
a spacetime dependent quantity. The partial differential
operator must therefore be generalised (to a covariant
derivative), so that the ‘differentiated’ object is also a
tensor. This requires the notion of parallel transport.
B. Parallel transport and affine connection
Mathematically, one has to be careful when taking a
derivative of a vector because the definition of a vector
along a curve defined by λ
dV µ
dλ
= limδλ→0
V µ(Q)− V µ(P )
δλ
, (2)
where Q and P are spacetime points at λ + δλ and λ
respectively, require comparison between two vectors in
different tangent spaces. This is okay in flat spaces, but
in curved spaces there is no intrinsic way to do it. What
we need is a concept of parallel transport that moves a
vector–or more generally a tensor–along a curve while
keeping it ‘constant’. V µ(P ) can be parallel transported
to Q with the help of the ‘affine connection’ Γ such that
V µ(P → Q) = V µ(P )− δΛΓµνσ(P )V ν(P )
dxσ
dλ
. (3)
The corresponding covariant derivative is written as
∇σV µ = V
µ(Q)− V µ(P → Q)
δxσ
= ∂σV
µ + ΓµνσV
ν , (4)
with which we can define the parallel transport condition
as
dxσ
dλ
∇σV µ = 0. (5)
Note that this is a generalisation of the condition in flat
space ∂V
µ
∂xσ = 0. Covariant derivative of a one-form, i.e. a
(0,1) tensor ωµ is found to be
∇σων = ∂σωµ − Γλσνωλ. (6)
The transformation properties of a connection can be
found by demanding that ∇σV µ transforms as a tensor,
i.e.,
∇σ′V µ′ = ∂x
σ
∂xσ′
∂xµ
′
∂xµ
∇σV µ. (7)
This yields
Γµ
′
ν′σ′ =
∂xν
∂xν′
∂xσ
∂xσ′
∂xµ
′
∂xµ
Γµνσ −
∂xν
∂xν′
∂xσ
∂xσ′
∂
∂xσ
(
∂xµ
′
∂xν
)
,
(8)
showing that Γ is not a tensor.
3C. The metric connection
The above consideration shows that the concept of par-
allel transport requires an affine connection to be defined.
This is a very general property irrespective of the detailed
structure of the manifold, allowing many distinct defini-
tions of parallel transport. In general relativity, however,
it is possible define a unique connection compatible with
the metric gµν (remember, ds2 = gµνdxµdxν) as follows.
First, the connection is assumed to be torsion-free, mean-
ing that Γλµν = Γλνµ. Second, the metric is assumed to
obey the parallel transport condition: ∇σgµν = 0. The
latter guarantees that the scalar product of two parallel-
transported vectors is constant. That is, if dx
σ
dλ ∇σUµ =
dxσ
dλ ∇σV ν = 0, then dx
σ
dλ ∇σ(gµνUµV ν) = 0.
From the second assumption, we have the following
three relations
∇ρgµν = ∂ρgµν − Γλρµgλν − Γλρνgµλ = 0,
∇µgνρ = ∂µgνρ − Γλµνgλρ − Γλµρgνλ = 0,
∇νgρµ = ∂νgρµ − Γλνρgλµ − Γλνµgρλ = 0. (9)
Subtracting the second and third lines from the first and
using the first assumption, we obtain
∂ρgµν − ∂µgνρ − ∂νgρµ + 2Γλµνgλρ = 0, (10)
which after some rearranging yields
Γσµν =
1
2
gσρ (∂µgνρ + ∂νgρµ − ∂ρgµν) . (11)
This is the metric connection, called the Christoffel sym-
bol.
D. Spin connection
So far, we have seen how to take covariant derivatives
of tensors. However, this is not enough to write down
the Dirac equation in a curved spacetime. We also need
to know how to take the covariant derivative of a spinor.
For this purpose, we will use the fact that locally it is al-
ways possible (due to the equivalence principle) to find an
inertial coordinate system in which the metric becomes
Minkowskian. Suppose that ya are such local coordinates
at point xµ = Xµ (we use the convention that latin in-
dices a, b, ... are used to label local inertial coordinates
and greek indices µ, ν, ... for general coordinates). Then
defining
eµa(X) =
∂xµ
∂ya
∣∣∣∣∣
xµ=Xµ
and
eaµ(X) =
∂ya
∂xµ
∣∣∣∣∣
xµ=Xµ
(12)
at each point in spacetime, we get the vielbein (‘many-
legs’) eµa(x) that diagonalises the metric, as well as its
inverse
eµa(x)e
ν
b(x)gµν(x) = ηab,
eaµ(x)e
b
ν(x)ηab(x) = gµν . (13)
What we want is to know what the parallel transport
equation (3) looks like in the local inertial coordinate
system. Basically, we want
V a(x→ x+ dx) = V a(x)− ωabνV b(x)dxν , (14)
where ωabν is a generalisation of the affine connection
called the spin connection. Noting that
V µ(x) = eµa(x)V
a(x),
V µ(x→ x+ dx) = eµa(x+ dx)V a(x→ x+ dx), (15)
and eµa(x+dx) ≈ eµa(x)+∂ν(eµa(x))dxν , we can obtain
the spin connection in terms of the affine connection
ωabν = e
a
µ∂ν(e
µ
b) + e
a
µe
σ
bΓ
µ
σν . (16)
This allows one to take the covariant derivative of a ten-
sor with mixed indices. For example
∇νeµa = ∂νeµa + Γµσνeσa − ωbaνeµb = 0, (17)
where the last equality follows from (16). The spin con-
nection is antisymmetric in the first two indices, i.e.,
ωabν = −ωbaν , so that the magnitude of the Lorentz vec-
tor remains constant upon parallel transport.
Using the spin connection we can derive the covari-
ant derivative operator for spinors. The latter is defined
through the parallel transport equation
ψ(x→ x+ dx) = ψ(x)− Ων(x)ψ(x)dxν , (18)
where Ων is an n-by-n matrix for each index ν with n=2
for 2 and 3 spacetime dimensions and 4 for 4-dimensional
spacetime. To determine Ων , we use the fact that S(x) =
ψ¯(x)ψ(x) and V a(x) = ψ¯(x)γaψ(x) transform as a scalar
and a vector, respectively. Firstly,
S(x→x+ dx)− S(x)
= ψ¯(x)
[
γ0Ω†ν(x)γ
0 + Ων(x)
]
ψ(x)dxν , (19)
yielding
γ0Ω†ν(x)γ
0 = −Ων(x). (20)
Secondly,
V a(x→x+ dx)− V a(x)
= −ψ¯(x) [γaΩν + γ0Ω†νγ0γa]ψ(x)dxν ,
= −ψ¯(x) [γaΩν − Ωνγa]ψ(x)dxν ,
= −ωabνγbdxν . (21)
4The second equality results from (20), while the third
equality results from the definition of the spin connection.
From the second and third lines we conclude that
[γa,Ων ] = ω
a
bνγ
b. (22)
Noting that
[γa, σbc] = 2i(ηabγc − ηacγb), (23)
where σbc = i[γb, γc]/2, one can verify by direct substi-
tution that
Ων(x) = − i
4
ωabν(x)σ
ab (24)
satisfies (22), while (20) can be verified using the rela-
tionship γ0γa†γ0 = −γa.
Using the covariant derivative ∇ν = ∂ν + Ων , the flat
spacetime Dirac equation (c=1)
[iγa∂aψ −m]ψ(x) = 0, (25)
generalises to the curved spacetime Dirac equation
[iγµ∇µ −m]ψ(x) = 0, (26)
where the vielbein was used to transform the local γ
matrices: γµ = eµa(x)γa. Note that {γµ(x), γν(x)} =
2gµν(x). From here on, we will use the notation γ˜a ≡ γa
to avoid confusion when numerical indices are substi-
tuted.
III. DIRAC EQUATION IN 2 DIMENSIONAL
CURVED SPACETIME
A special feature of the 2 dimensional spacetime is that
the metric can always be reduced to the conformally flat
form
ds2 = Ω2(dt2 − dx2) (27)
for some function Ω(x, t). To derive the Dirac equation in
this metric we first need the Christoffel symbols which are
readily calculated to be: Γ000 = Γ011 = Γ110 = Γ101 = Ω˙/Ω
and Γ001 = Γ010 = Γ100 = Γ111 = Ω′/Ω. The dot denotes a
derivative with respect to time and the prime a spatial
derivative. Using these, the vielbein can be readily cal-
culated: e00 = e11 = 1/Ω. These lead to non-vanishing
spin connections ω010 = ω100 = Ω′/Ω and ω011 = ω101 =
Ω˙/Ω, which in turn lead to Ω0 = Ω′/(4Ω)[γ˜0, γ˜1] and
Ω1 = Ω˙/(4Ω)[γ˜
0, γ˜1].
That this spacetime is curved can be verified by
calculating the Ricci curvature R = gµνRµν =
2
(
(Ω˙/Ω)2 − Ω¨/Ω
)
/Ω2, where Rµν = ∂λΓλµν − ∂νΓλµλ +
ΓλµνΓ
σ
λσ − ΓλµσΓσνλ is the Ricci tensor.
We can thus write down the Dirac equation in a general
1+1 dimensional spacetime. Inserting the above results
into Eq. (26), multiplying with Ωγ˜0 from the left, and
rearranging, we get
i(∂t + γ˜
0γ˜1
[γ˜0, γ˜1]
4
Ω˙
Ω
)ψ = i[γ˜0γ˜1∂x +
[γ˜0, γ˜1]
4
Ω′
Ω
]ψ
+ γ˜0Ωmψ.
(28)
Choosing γ˜0 = σz and γ˜1 = iσy, the Dirac equation
becomes
i
(
∂t +
Ω˙
2Ω
)
ψ =
[
−iσx
(
∂x +
Ω′
2Ω
)
+ σzΩm
]
ψ(x).
(29)
Which, upon defining
√
Ωξ = ψ, can be recast into our
final form:
i∂t(Ωξ) = −iσx∂x(Ωξ) + σzΩm(Ωξ). (30)
Ωξ thus solves the regular Dirac equation with an effec-
tive mass of Ωm which, as we show below, means that it
can be simulated in binary waveguide arrays. Note that
in flat spacetime Ω = 1 and the equation reduces to
i∂tψ = −iσx∂xψ + σzmψ. (31)
A. Specific examples
Here we provide examples of specific spacetimes and
corresponding Dirac equations.
1. Static spacetime
Static spacetimes are described by a metric that has a
time-like variable x0 such that g0i = 0 and ∂0gµν = 0.
In 1+1 dimensions the line element for these spacetimes
may be written as
ds2 = e2Φdt2 − e2Ψdx2, (32)
where Φ and Ψ are independent of t. Non-vanishing
Christoffel symbols for this metric are Γ010 = Γ001 = Φ′,
Γ100 = Φ
′e2(Φ−Ψ), and Γ111 = Ψ′, whereas the vielbein is
easily found to be e00 = e−Φ, e11 = e−Ψ. Then the non-
vanishing spin connections are ω100 = ω010 = Φ′eΦ−Ψ,
leaving us with the non-vanishing element of Ων : Ω0 =
1
4Φ
′eΦ−Ψ[γ˜0, γ˜1]. Inserting the results and using the same
gamma-matrices as above, we can write the Dirac equa-
tion as
i∂tψ = −ieΦ−Ψσx
(
∂x +
Φ′
2
)
ψ + eΦσzmψ. (33)
2. FRW Metric
The FRW metric in 1+1 D reads
ds2 = dt2 − a2(t)dx2. (34)
5The non-vanishing spin connections, Christoffel symbols,
and Ων are e00 = 1, e11 = 1/a; Γ011 = aa˙; Γ110 = Γ101 =
a˙/a; ω011 = ω101 = a˙; Ω1 =
a˙
4 [γ˜
0, γ˜1]. The Dirac equa-
tion reads
i(γ˜0∂0ψ + γ˜
1 1
a
∂xψ + γ˜
1 a˙
4a
[γ˜0, γ˜1]ψ)−mψ = 0. (35)
After plugging in γ˜a, we obtain
i∂tψ = −i a˙
2a
ψ − iσx
a
∂xψ + σzmψ. (36)
Note that the FRW metric can be converted to the con-
formally flat form by setting η(t) =
∫ t dt
a(t) .
3. Rindler spacetime
Rindler metric describes the dynamics of a uniformly
accelerating observer in flat spacetime. Even though the
spacetime is flat, Unruh showed that spontaneous parti-
cle creation occurs in the frame of the accelerating ob-
server [13] analogously to the famous Hawking radiation
[12]. The vielbein formalism described above proves use-
ful for deriving the wave equation in this metric. By
introducing the coordinate t = u sinh v and x = u cosh v,
the Minkowski metric is converted to [34]
ds2 = u2dv2 − du2, (37)
when u is constrained to be positive. Because this is a
static spacetime, we can use the formula derived above
to obtain the Dirac equation in the Rindler spacetime:
i∂vψ = −iuσx
(
∂u +
1
2u
)
ψ +muσzψ. (38)
The metric can also be put in a conformally flat form
by introducing new coordinates
t =
1
a
eaξ sinh(aη), x =
1
a
eaξ cosh(aη), (39)
in the region x > |t|. In these coordinates, the metric
takes the form
ds2 = e2aξ
(
dη2 − dξ2) , (40)
and the Dirac equation reads
i∂ηψ =
[
−iσx
(
∂ξ +
1
2
)
+ σze
aξm
]
ψ. (41)
B. Particle creation in curved spacetime
It is well established that there is particle creation in
curved spacetime in general [4–7]. The background met-
ric acts in a similar manner to an external field such
as, for example, the electromagnetic field, and something
akin to the Schwinger effect (creation of electron-positron
pair in strong electric fields) occur. Consider as an exam-
ple an expanding-universe scenario where the expansion
is asymptotically turned on. The field is initially in the
vacuum state and as expansion is gradually turned on,
electrons and positrons pop out in pairs. The essence of
understanding this phenomena is that a vacuum state is
not unique. It is defined as an eigen-state of the field
operator ψ with eigenvalue 0. To define the latter more
precisely, one has to expand the field operator in terms
of mode functions and assign creation and annihilation
operators that create and annihilate these modes. The
vacuum is then the state with eigenvalue 0 for all the
mode-annihilation operators. Now, these mode functions
depend on the background spacetime, which means that
the vacuum state of one spacetime need not be the vac-
uum state of another. Below, we provide a more de-
tailed and pedagogical explanation of this effect for scalar
fields in FRW spacetime, before we come back to Dirac
fermions.
1. Scalar field in FRW spacetime
A scalar field obeying the Klein-Gordon equation is
one of the simplest quantum fields to deal with and a
spatially-flat, time-dependent metric is one of the sim-
plest examples of curved spacetime metrics. As an ex-
ample of such a metric, we choose the FRW metric and
explain creation of scalar fields in it. We follow closely the
exposition by Mukhanov and Winitzki [6], but work in 2
dimensional spacetime instead of the usual 4 dimensional
one. Remember that a real scalar field in Minkowski (or
flat) spacetime obeys the Klein-Gordon equation
∂µ∂
µφ+m2φ = 0. (42)
In curved spacetime this becomes (in the minimal cou-
pling scheme)
gµν∇µ∇νφ+m2φ = 0. (43)
To work out the explicit form of this equation, it is helpful
to convert it to the following form
gµν∂µ∂νφ+
1√−g (∂νφ) ∂ν
(
gµν
√−g)+m2φ = 0, (44)
where g is the determinant of the metric. Note that g
depends on the spacetime dimension: for the case of con-
formal spacetime described by ds2 = Ω2(dt2 − dx2 · · · ),
g = Ω2d, where d is the dimension of the spacetime.
Working with the conformal version of the FRW metric,
the wave equation evaluates to
φ¨− φ′′ + Ω(η)2m2φ = 0 (45)
in 1+1D and
φ¨+ 2
Ω˙
Ω
φ˙−∇φ+ Ω(η)2m2φ = 0 (46)
6in 3+1D. As before, the dot denotes derivative with re-
spect to the conformal time t, whereas the prime denotes
a spatial derivative.
Going to the momentum space by defining
φ(x, t) =
1√
2pi
∫
dkφk(t)e
ikx, (47)
the wave equation reduces to
φ¨k − k2φk + Ω2(t)m2φk ≡ φ¨k + ω2k(t)φk = 0. (48)
The general solution of this time-dependent oscilla-
tor equation can be written in terms of complex
mode functions vk(t) with the normalisation condition
−iW [vk, v∗k]/2 ≡ −i(v˙kv∗k − vkv˙∗k)./2 = 1, where W is
called the Wronskian. The field operator φk can be ex-
panded as
φk(t) =
1
2
[
akv
∗
k(t) + a
†
kvk(t)
]
, (49)
where ak and a
†
k are the bosonic annihilation and creation
operators for mode k. It is interesting to note that the
(bosonic) commutation relation is crucial for preserving
the normalisation defined by the Wronskian. The an-
ticommutation relation (for fermions) is not consistent
with the latter.
Once the mode expansion is defined, the vacuum state
|0〉 is defined by the condition ak|0〉 = 0 for all k. Now
consider two different mode functions uk(t) and vk(t).
Since uk and u∗k form a basis, we can expand vk in terms
of them, v∗k(t) = αku
∗
k(t) + βkuk(t), with t-independent
coefficients αk and βk that obey the normalisation con-
dition |αk|2− |βk|2 = 1. If bk and b†k are the annihilation
and creation operators corresponding to the mode func-
tions uk, the following relations hold
bk = αkak + β
∗
ka
†
−k, b
†
k = α
∗
ka
†
k + βka−k. (50)
This is called the Bogolyubov transformation in the lit-
erature. What is interesting is that the vacuum state for
a is not the vacuum state for b. Indeed a simple calcula-
tion reveals that the expectation value of the number of
b-particles in a’s vacuum state is generically non-zero:
〈0a|b†kbk|0a〉 = 〈0a|(α∗ka†k + βka−k)(αkak + β∗ka†−k)|0a〉
= |βk|2〈0a|a−ka†−k|0a〉 = |βk|2. (51)
To repeat, if βk is non-zero, the vacuum state defined
with respect to the ak modes contains a finite density of
bk particles.
It is generally impossible to find a unique vacuum state
in curved spacetime unlike in flat (Minkowski) spacetime.
To discuss particle creation, it is therefore a good idea to
work with an asymptotically flat spacetime that has the
Minkowski metric both in far-enough past and far-enough
future. As a simple example, we here consider a specially
chosen FRW spacetime with Ω2(t) = 1 if t < 0 or t > t0
and Ω2(t) = −1 if 0 < t < t0. The ‘in’ and ‘out’ vacuum
modes at t < 0 and t > t0 are described by the standard
Minkowski mode functions
v
(in)
k (t) =
1√
ωk
eiωkt, v
(out)
k (t) =
1√
ωk
eiωk(t−t0), (52)
with ωk =
√
k2 +m2. To find the Bogolyubov coeffi-
cients, we need to find the relationship between the in-
put and output modes. Solving the mode equations in
all regions, one obtains the following relation for t > t0
v
(in)
k (t) =
1√
ωk
[
α∗ke
iωk(t−t0) + β∗ke
−iωk(t−t0)
]
, (53)
where
αk =
e−iΩkt0
4
(√
ωk
Ωk
+
√
Ωk
ωk
)2
− eiΩkt04
(√
ωk
Ωk
−
√
Ωk
ωk
)2
,
βk =
1
2
(
Ωk
ωk
− ωkΩk
)
sin(Ωkt0), (54)
with Ω =
√
k2 −m2. This tells us that the field mode
that has evolved from |0in〉 is different from the vacuum
state at t > t0 and has a finite particle number density
nk = |βk|2 = m4|k4−m4| | sin
(
t0(k
2 −m2)) |2
2. Dirac field in curved spacetime, a single particle analog
of particle creation
The above procedure applies in exactly the same way
for Dirac fields, except that one has to use the anticom-
mutation relation instead of the commutation relation
when quantizing the field operators. One other difference
is that particles are produced in pairs so that the total
charge is conserved. Because the mode expansion is a lit-
tle more involved, and we are actually interested in the
single-particle manifestation of pair creation, we will not
go into the details here. Interested readers are referred
to the original article by Parker [11]. Instead let us dis-
cuss the single-particle manifestation of pair creation. In
order to see how this is possible, consider the pair cre-
ation process due to an electric field (Schwinger effect) in
the Dirac sea picture. Initially, the negative-energy sea
is fully occupied. Then upon applying a strong electric
field, a negative energy electron is kicked (or tunnels) to
occupy a positive energy state, leaving a hole (positron)
behind. Therefore, in terms of single-particle dynamics,
what we will see is a conversion of a negative energy wave
packet to a positive energy wave packet. In the next sec-
tion we verify this claim, by studying the dynamics of a
wave packet in curved spacetime.
IV. DYNAMICS OF SPINOR WAVE PACKET
In this section, we provide a basic background on the
wave packet dynamics, both in flat and curved spacetime.
7In particular, we show a single-particle analog of particle
creation in an FRW spacetime. The results from this
section will be used in the next section, where we discuss
the implementation of wave packet dynamics in binary
waveguide arrays.
A. Flat spacetime
The Dirac equation in flat 2 dimensional space time
was written in Eq. (31), which we repeat here for the
reader’s convenience
i∂tψ = −iσx∂xψ + σzmψ. (55)
Using the plane wave ansatz, the eigen-solutions can be
easily found. The two solutions with positive and nega-
tive energies can be written as
ψk+(x, t) =
1√
2pi
exp[−iEkt+ ikx]√
2Ek(Ek +m)
(
Ek +m
k
)
,
ψk−(x, t) =
1√
2pi
exp[iEkt+ ikx]√
2Ek(Ek +m)
( −k
Ek +m
)
. (56)
The time evolution of an initial spinor wave packet,
(φ1(k), φ2(k)), is given by
ψ(x, t) =
∫
dkα(Ek+m)φ1(k)+βkφ2(k)
2
√
2piEk(Ek+m)
(
Ek +m
k
)
ei(kx−Ekt)
+
∫
dk−αkφ1(k)+β(Ek+m)φ2(k)
2
√
2piEk(Ek+m)
( −k
Ek +m
)
ei(kx+Ekt).
(57)
Let us first look at the dynamics of a Gaussian wave
packet ψ0(x) ∝ exp[−x2/18](1, 1)T . Figure 1(a) shows
the time evolution of the wave packet for m = 1. No-
tice the zig-zag motion of the centre of mass as exempli-
fied in Fig. 1(b). This phenomenon is called zitterbewe-
gung and occurs because of the interference between the
positive- and negative-energy components of the spinor.
Properties of zitterbewegung can be seen from the po-
sition operator in the Heisenberg picture. Noting that
v(t) = −i[x,H] = σx(t) and
∂σx
∂t
= −i [σx, H] = −2i [p−Hσx] , (58)
we obtain
σx(t) = H
−1p+ e2iHt
[
σx(0)−H−1p
]
. (59)
x(t) =
∫
v(t) is then given by
x(t) = x(0) +
p
H
t− i
2H
(
e2iHt − 1) [σx(0)− p
H
]
. (60)
From the last term of this expression we notice several
things. 1) the frequency of the oscillation is 2E, 2) the
amplitude is proportional to 1/(2E), and 3) zitterbewe-
gung is non-zero only if there is a superposition between
positive and negative energy states with equal momen-
tum. The last observation follows because σx−p/H anti-
commutes with the Hamiltonian, which means that the
matrix element of it is non-zero only between the eigen-
states with equal momentum and opposite energies. Note
that for a small initial momentum, the amplitude and fre-
quency of ZB is thus 2m and 1/(2m) respectively. This
is demonstrated in Fig. 2.
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Figure 1: Wave packet evolution of an initial Gaussian state,
showing zitterbewegung, the trembling oscillation of the cen-
tre of mass.
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Figure 2: The mass dependence of zitterbewegung for Gaus-
sian initial states ∝ exp[−x2/2σ2](1, 1)T with the width σ =
3 and mass m= 1 (a), 2 (b), 4 (c), and 8 (d).
Absence of zitterbewegung in a wave packet composed
of positive-energy spinors only is shown in Fig. 3. The
positive energy spinor is constructed by superposing the
positive-energy spinor in momentum space with a Gaus-
sian weight exp[−k2/2].
B. Curved spacetime
We have seen that in curved spacetime, the Dirac equa-
tion is given by Eq. (30):
i∂t(Ωξ) = −iσx∂x(Ωξ) + σzΩm(Ωξ),
which we write as
i∂tψ = −iσx∂xψ + σzmeff (t)ψ, (61)
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Figure 3: Wave packet evolution of a positive-energy state.
No zitterbewegung is observed.
Here we concentrate on the FRW spacetime with a time-
dependent conformal factor a(t) ≡ Ω(t). Neglecting the
overall factor Ω(t), this equation is simply the Dirac equa-
tion with a time-dependent mass term. Analogously to
a real scalar field in an FRW spacetime, Dirac fermions
are produced (in pairs) in generic cases, which we will
show by demonstrating conversion of a negative energy
wavepacket to a positive energy wave packet. Quan-
titatively, the conversion can be proven by calculating
the norm of the positive-energy-projected spinor wave
packet, but we can do better: We can make use of the
fact that ZB only occurs when positive-energy spinors
are superposed with negative-energy spinors. So our aim
is to show how ZB is induced in an asymptotically flat
spacetime with an initial negative-energy wave packet.
It turns out that physically interesting scenarios such
as expanding spacetime (anti-de Sitter spacetime) pro-
duce only tiny effects that are unobservable, so instead
we employ the ‘inverted square hat’ profile of meff (t)
already introduced earlier in Sect. III B. Actually, we
will use the smoothed version of this, by replacing the
‘inverted square hat’ by an inverted Gaussian profile.
Evidence of particle creation in this scenario is evident
in Fig. 4(a) where the induction of ZB by the excur-
sion of meff from it asymptotic value 1, is clearly vis-
ible. The initial state was constructed by superpos-
ing ψk−(x, 0) from Eq. (56) with a Gaussian weight ∝
exp[−4(k − 0.1)2].
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Figure 4: Left, mean position of an initial positive-energy
state in curved spacetime. Right, time profile of the conformal
factor.
V. SIMULATION OF THE DIRAC EQUATION
IN BINARY WAVEGUIDE ARRAYS
In this section, we show how to simulate the 2 dimen-
sional Dirac equation in binary waveguide arrays. We
start off with a description of the coupled-mode theory of
light propagation in a waveguide array and then demon-
strate an equivalence between the discretised Dirac equa-
tion and the coupled-mode equations for a binary waveg-
uide array. In particular, we show that the Dirac equa-
tion in 2 dimensional FRW spacetime can be straightfor-
wardly implemented, paving the way towards experimen-
tal demonstration of the single particle analog of gravi-
tational pair creation.
A. Coupled-mode theory of waveguide arrays
Propagation of an electromagnetic field E in a medium
is described by
∇2E − n
2
c2
∂2E
∂t2
= 0, (62)
where n is the refractive index of the medium, spatially
varying in general. For a monochromatic field E propa-
gating predominantly in the z−direction, i.e.,
E = Re[E0(r)e
i(kz−wt)], (63)
one can make the so-called paraxial approximation which
amounts to assuming |∇2E0|  |kz∂zE0|. In this case,
the wave equation becomes the paraxial Helmholtz equa-
tion
k
∂E0
∂z
+
i
2
(
k2 − ω2n
2(r)
c2
)
E0 − i
2
∇2⊥E0 = 0, (64)
∇2⊥ denoting the Laplacian in x and y directions. Let us
choose ω/k = v0 ≡ c/n0, where v0 is the mean velocity
in the medium and n0 the mean refractive index. Then
the above equation becomes
2ik∂zE0 +∇2⊥E0 −
2k2
n0
∆nE0 = 0, (65)
where we have assumed that n0 ≈ n and ∆n ≡ n0 −
n. Lastly, define the reduced wavelength λ = n0/k to
rewrite the equation as
iλ∂zE0 = − λ
2
2n0
∇2⊥E0 + ∆nE0. (66)
Written this way, resemblance to the Schrödinger equa-
tion is obvious, the role of time being played by the spa-
tial dimension z.
Now imagine periodically modulating the index of re-
fraction in the plane perpendicular to the z-direction. An
EM field is attracted to regions of increased index of re-
fraction and mainly stays in the vicinity of these regions
9during propagation. The field, however, is not completely
confined to these regions but leaks into the area between
the waveguides, with evanescent tails. From the simi-
larity with the Schrödinger equation, it is clear that one
can apply the tight-binding approximation to describe
the propagation of the EM field in this case. In optics,
this is called the coupled mode approximation (see [35],
which we are closely following). In a one dimensional
lattice we get for the amplitude cn in the nth waveguide:
i
∂cn
∂z
= kn (cn+1 + cn−1) , (67)
where kn is the coupling strength, determined by the
overlap between the transverse components of the modes
in adjacent guides. Introducing yet another modulation
such that alternating lattice sites have deep and shal-
low ‘potentials’, one obtains the following coupled mode
equations
i
∂cn
∂z
= kn (cn+1 + cn−1) + (−1)nσcn. (68)
In the next section we show that this equation is equiv-
alent to the discretised Dirac equation.
B. Discretising the Dirac equation
1. Flat spacetime
To simulate the Dirac equation in flat 2D spacetime,
i
∂ψ
∂t
= [−iσx∂x +mσz]ψ, (69)
in a waveguide array, we need to first change the differen-
tial equation to a difference equation by discretising the
spatial coordinates. Choosing a discretisation length d,
we define
ψ(x, t)→ ψ(nd, t) ≡ ψ˜(n, t),
∂xψ1(x, t)→ ψ˜1(n, t)− ψ˜1(n− 1, t)
d
,
∂xψ2(x, t)→ ψ˜2(n+ 1, t)− ψ˜2(n, t)
d
, (70)
where n ∈ Z.
To put this in the form of coupled mode equations,
let us first define c˜2n(t) ≡ ψ˜1(n, t) and c˜2n−1 ≡ ψ˜2(n, t).
Then the Dirac equation becomes
i ˙˜c2n(t) = − i
d
(c˜2n+1(t)− c˜2n−1(t)) +mc˜2n(t),
i ˙˜c2n−1(t) = − i
d
(c˜2n(t)− c˜2n−2(t))−mc˜2n−1(t). (71)
To change the difference into the sum, we further de-
fine c2n = (−1)nc˜2n = (−1)nψ˜1(n, t) and c2n−1 =
−i(−1)nc˜2n−1 = −i(−1)nψ˜2(n, t). The above equation
changes to
ic˙2n(t) =
1
d
(c2n+1(t) + c2n−1(t)) +mc2n(t),
ic˙2n−1(t) =
1
d
(c2n(t) + c2n−2(t))−mc2n−1(t), (72)
which can be combined to
ic˙l = −1
d
(cl−1 + cl+1) + (−1)lmcl. (73)
Figure 5 provides a schematic illustration of how the
spinor components are assigned to waveguides.
Figure 5: Schematic illustration of how spinor components are
assigned to waveguides. Different colours signify alternating
refractive indices.
The above equation is equivalent to Eq. (68) given that
kn = 1/d and σ = m, as first noted by Longhi in his
proposal to simulate zitterbewegung and Klein’s paradox
[14, 15]. Subsequently, these effects, which are predicted
by the single-particle Dirac equation, have been observed
in laser-written waveguide arrays [16, 17].
2. Curved spacetime
To facilitate the simulation of the Dirac equation
in 2 dimensional curved spacetime, we need to dis-
cretise Eq. (30). In an optical simulation of sin-
gle particle physics, the overall factor Ω is irrelevant,
which means that we have at hand the Dirac equation
with a spacetime-dependent mass as already noted in
Sect. IVB. The generalisation of the coupled-mode equa-
tions Eq. (68) is then simple:
i
∂cn
∂z
= kn (cn+1 + cn−1) + (−1)nσn(z)cn. (74)
C. Optical simulation
Let us start with flat spacetime. Figure 6 shows
the evolution of a Gaussian spinor wave packet ∝
exp[−x2/18](1, 1)T when m = 1. Simulation results for
N = 502 (requiring k ≈ 6.2) waveguides are displayed
in Fig. 6(a) and (b). They are in excellent agreement
with the results in Sect. IV. However 502 is quite a large
number and experiments are usually implemented with
a much smaller number. To show the effects of discreti-
sation we depict analogous results for N = 50 (k ≈ 0.63)
in Fig. 6(c) and (d). Apart from coarse graining effects
in visualisation, the wave packet evolution is seen to be
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Figure 6: Optical simulation of the Dirac equation in flat 2
dimensional spacetime. a) Absolute value of the mode ampli-
tude, and b) average position of the simulated wave function
as a function of time, for 502 waveguides. c) and d), analogous
quantities for 50 coupled waveguides showing feasibility of the
simulation despite strong discretisation. The initial state is
∝ exp[−x2/2σ2− ik0x](1, 1)T with the width σ = 3, k0 = 0.1,
and mass m = 1.
remarkably accurate as exemplified by the average posi-
tion.
Next, we simulate the conversion of a negative energy
wave packet into a mixture of positive and negative en-
ergy wave packets. The latter is made by an arbitrary
superposition of a negative energy eigen-spinor
φk− =
1√
2Ek(Ek +m)
( −k
Ek +m
)
. (75)
In Fig. 7, we consider the evolution of a Gaussian-
averaged spinor, ∝ ∫ dk exp[−(k− k0)2/2σ2k]φk− with the
width σk = 1/(2
√
2), k0 = 0.1, and massm = 1. There is
a small amount of ZB as a result of discretisation (that
goes away with the increasing number of waveguides),
but the magnitude is quite small.
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Figure 7: Evolution of a negative energy spinor in flat space-
time. a) Absolute value of the mode amplitude, and b)
average position of the simulated wave function as a func-
tion of time, for 50 waveguides. The initial state is ∝∫
dk exp[−(k − k0)2/2σ2k]φk− with the width σk = 1/(2
√
2),
k0 = 0.1, and mass m = 1.
Finally, we show the evolution of a negative energy
spinor in a FRW spacetime in Fig. 8, with the inverted
Gaussian conformal factor as used in Fig. 4. We see a
good agreement with the exact numerical result shown
in Fig. 4, signifying the feasibility of optical simulation
of particle creation.
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Figure 8: Evolution of a negative energy spinor in FRW space-
time with inverted Gaussian conformal factor (cf Fig. 4). a)
Absolute value of the mode amplitude, and b) average posi-
tion of the simulated wave function as a function of time,
for 50 waveguides. The initial state is ∝ ∫ dk exp[−(k −
k0)
2/2σ2k]φ
k
− with the width σk = 1/(2
√
2), k0 = 0.1, and
mass m = 1.
VI. CONCLUSION
We gave a pedagogical introduction to the Dirac equa-
tion in background curved spacetime and particle cre-
ation. Using the fact that the Dirac equation in the FRW
metric is equivalent to the flat-spacetime Dirac equation
with a time-dependent mass term, we demonstrated that
a single-particle analog of particle creation can be ob-
served in the dynamical evolution of spinor wave packets.
In particular, we showed how a negative energy spinor
gets mixed with a positive energy spinor when the con-
formal factor changes in time. Finally, we demonstrated
that the Dirac equation in curved spacetime can be sim-
ulated in binary waveguide arrays, allowing direct exper-
imental simulation of particle creation in curved space-
time. Although our example was for a time-dependent
conformal factor, a general spacetime dependence can be
easily simulated in waveguide arrays.
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